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Induced Gravity in Deconstructed Space at Finite Temperature
Nahomi Kan∗)
Yamaguchi Junior College, 1346-2 Daidou, Hofu-shi, Yamaguchi-ken, Japan
We study self-consistent cosmological solutions for an Einstein universe in a graph-based
induced gravity model. Especially, we demonstrate specific results for cycle graphs.
§1. Pre-history
1.1. Induced Gravity
The idea of induced Gravity is, “Gravity emerges from the quantum effect of
matter fields.” The one-loop effective action can be expressed as the form:
− 1
2
∫
dt
t
∑
i
Tr exp
[−(−∇2 +M2i )t] . (1.1)
In curved D-dimensional spacetime, the trace part including the D-dimensional lapla-
cian becomes
Tr exp
[−(−∇2)t] =
√
g
(4pi)D/2
t−D/2(a0 + a1t+ · · · ), (1.2)
where coefficients depend on the background fields and a1 leads to the Einstein-
Hilbert term.
1.2. Dimensional Deconstruction, Spectral Graph Theory and Our story thus far
Dimensional Deconstruction (DD)1) is equivalent to a higher-dimensional theory
with discretized extra dimensions at a low energy scale. An N -sided polygon, called
a “moose” diagram, is used to describe this theory. Four-dimensional fields are
assigned to vertices and edges of this diagram. In N → ∞, DD leads to a five-
dimensional theory, where the extra space is a circle.
In general, the moose diagram does not necessarily have a continuum limit and
the diagram is susceptible of a complicated connection, which is a graph. Therefore,
DD can be generalized to Field Theory on a Graph.2)
We have constructed models of one-loop finite induced gravity by using several
graphs.3) With the help of knowledge in Spectral Graph Theory, we can easily find
that the UV divergent terms concern the graph laplacian in DD.
§2. Self-consistent Einstein Universe4)
The metric of the static Einstein Universe is given by
ds2 = −dt2 + a2(dχ2 + sin2 χ(dθ2 + sin2 θdφ2)), (2.1)
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Fig. 1. A contour plot of βF in the
first model. A solution of Ein-
stein equation can be found at
the maximum.
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Fig. 2. A contour plot of βF in the
second model. Two solutions of
Einstein equation can be found
at the maximum and at the sad-
dle point.
where a is the scale factor. At finite temperature
T , the one-loop effective action is regarded as free
energy F (a, β) and Einstein equation becomes
∂(βF )
∂β
=
∂(βF )
∂a
= 0, (2.2)
where β ≡ 1/T . In the first model, scalar fields
are on 8 CN/2, vector fields on 4 CN and Dirac
fermions on 2 CN/2 + 3 CN . In the second model,
scalar fields are on 16 CN/4 + 2 CN/2, vector fields
on 5 CN and Dirac fermions on 4 CN/4 + 3 CN
+ 2 CN/2. Here CN denotes a cycle graph with
N vertices, equivalent to an N -sided polygon. In
each model, Newton’s constant and cosmological
constant are calculable and are not given by hand.
We exhibit βF for the first model in Fig 1
and for the second in Fig 2, for large N . The hor-
izontal axis indicates the scale factor a while the
vertical one indicates the inverse of temperature
T . The scale of each axis is in the unit of N/f .
In the first model, cosmological constant is zero
and the solution can be found at the maximum of
βF , corresponding to be in Casimir regime.4) In
the second model, the solution in Casimir regime
and the solution in Planck regime4) are found.
§3. Summary
We have studied self-consistent Einstein Uni-
verse in the ‘graph theory space’. The solution
can be systematically obtained with the help of
the graph structure.
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